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The spin transfer torque generated by a spin-polarized current can induce the shift of the magnetic 
domain-wall position. In this work, we study theoretically the current-induced domain-wall motion 
by using the collective coordinate approach [Gen Tatara and Hiroshi Kohno, Phys. Rev. Lett. 92, 
86601 (2004)]. The approach is extended to include not only the domain-wall position and the 
polarization angle changes but also the domain-wall width variation. It is demonstrated that the 
width variation affects the critical current. 
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1. Introduction 
 
Magnetization dynamics driven by a spin-polarized electric current is a fascinating subject and has 
attracted much interest since it was first predicted by Berger [1] and Slonczewski [2]. Notable examples 
are the magnetization reversal and the spin wave excitation in a nanomagent by a spin-polarized current. 
The origin of the current induced magnetization dynamics is the exchange interaction between conduction 
electron spins and the local magnetization. The spin angular momentum carried by conduction electrons 
is absorbed to the local magnetization and generates the spin transfer torque acting on the magnetization 
through the s-d exchange interaction. This current-induced spin torque can affect magnetic order, induce 
magnetic excitations, and even drive domain-wall (DW) motion. The idea of the current-induced domain-
wall motion (CIDWM) studied by Berger [3] was later confirmed by several experiments [4] and 
followed by more theoretical works [5-7].   
Li and Zhang [5] studied the CIDWM by using the LLG equation which includes the spin transfer torque 
term derived from their phenomenological theory assuming the adiabatic process. An alternative 
theoretical approach to the CIDWM was explored by Tatara and Kohno (TK) [6], who introduced the 
collective coordinates such as the wall center position X and polarization 0φ (the angle between spins at 
the wall center and easy plane) and examined the CIDWM in terms of the collective coordinates. They 
derived the equations of motion for X and 0φ  from an effective Lagrangian for the system and analyzed 
the CIDWM quantitatively. However, there are indications that the DW motion is usually accompanied 
with the DW deformation [5,7] and thus it is not sufficient to describe the CIDWM using the variable X 
and 0φ  only. In this paper, we extend the collective coordinate approach, so that not only the variation of 
X and 0φ  but also the variation of the DW width λ  is taken into account. Use of the three collective 
coordinates (X , 0φ , λ ) makes the description for the DW motion more detailed. 
 
2 . Collective coordinate approach 
We consider a ferromagnetic wire consisting of a localized spin S  with magnitude S at each lattice site. 
It is assumed that the magnet have an easy-axis anisotropy along the z-axis with an anisotropy constant 
0K >  and a hard-axis anisotropy constant 0pK > . In the continuum limit, the Lagrangian for the 
localized spins ( )sin cos ,sin sin , cosS θ φ θ φ θ=S  is given by [8]  
( )33 cos 1S Sd x dL S Ha dt
φ θ⎡ ⎤= − −⎢ ⎥⎣ ⎦∫ h ,                         (1) 
   ( )2 23 2 2 2 23 sin sin sin2S pd x SH J K Ka x xθ φθ θ φ
⎡ ⎤⎧ ⎫∂ ∂⎪ ⎪⎛ ⎞ ⎛ ⎞= + + +⎢ ⎥⎨ ⎬⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠⎢ ⎥⎪ ⎪⎩ ⎭⎣ ⎦∫
,                (2) 
where a  is the lattice constant, SH  is the Hamiltonian of the spins and J  represents the 
Heisenberg exchange interaction between the localized spins. Here we have assumed that the spins are 
uniform in the yz plane perpendicular to the x-axis along the wire, and we thus consider effective 1D 
model. In the absence of a current, we consider a DW configuration of the static solution which is 
related to minima of the Lagrangian SL . As a DW profile, we take the standard Néel wall ( 0φ = ); 
1
0( ) cos tanh( / )x xθ λ−= , where 0 /J Kλ =  is the DW width.  
The localized spins are coupled to conduction electrons via the s-d exchange interaction  
( )3 ( )sdH d x x c cSΔ= − ∫ †σS ,                              (3) 
where 2Δ  is the energy splitting due to the s-d exchange interaction. Here ( )c c†  is the creation 
(annihilation) operator of conduction electrons subjected to the Hamiltonian 
el , ,
,
sdH c c Hσ σ
σ
ε= +∑ †k k k
k
 
with 2 2 / 2k mε =k h . The spin-polarization of conduction electrons can change its direction through the 
s-d exchange interaction. This change leads to a torque (conventionally called spin transfer torque) acting 
on the localized spins, which induces the DW dynamics. In order to treat the motion of the Néel wall 
under the spin transfer torque, we consider the effective Lagrangian eff S STL L H= − , where  
( ) 3/ ( )STH S d x x c c= − Δ ∫ †σS  is the average of sdH  with respect to conduction electrons. 
 In the collective coordinate approach [6], it is assumed that the essential part of the ( , )x tS  dynamics 
can be described by a small number of collective coordinates. In this work, we assume that ( , )x tθ  and 
( , )x tφ  are related to three collective coordinates 0 ( )tφ , ( )X t , and ( )tλ  via the following relations, 
0 ( )tφ φ= ,     1 ( )( , ) cos tanh ( )
x X tx t
t
θ λ
− ⎛ ⎞−= ⎜ ⎟⎝ ⎠
.                     (4) 
Physically speaking, Eq. (4) amounts the assumption that during the DW dynamics, the DW remains in 
the Néel wall form except for the possible changes of the DW position (parameterized by ( )X t ), the 
polarization angle (parameterized by 0 ( )tφ ), and the DW width (parameterized by ( )tλ ). Substituting 
Eq. (4) into the effective Lagrangian effL , we obtain the Lagrangian for 0 ( )tφ , ( )X t , and ( )tλ , 
( )2 20 03 2 sineff p STdS A JL X K K Ha S dtφ φ λλ⎡ ⎤= − + + + −⎢ ⎥⎣ ⎦h ,                 (5) 
where A  is the cross sectional area of the wire.  
 The equations of motion for the three dynamic variables of the Néel wall in the presence of STH  can 
be derived from the Euler-Lagrange equation. For example, for ( )X t , 
eff effL Ld R
dt X X X
∂ ∂ ∂− = −∂ ∂ ∂& & ,                               (6) 
where  
23
32
d x d
R
S a dt
α= ⎛ ⎞⎜ ⎟⎝ ⎠∫
h S
,                               (7) 
is a Rayleigh dissipation functional with the Gilbert damping parameter α . It follows that we obtain 
the following equations of motion, 
0
el3
2 dSA dX F
a dt dt
φ α
λ
⎛ ⎞+ =⎜ ⎟⎝ ⎠
h ,                               (8) 
2
0
0 el3 3
2 sin 2p
S AKdSA dX T
a dt dt a
φαλ λ φ⎛ ⎞− = +⎜ ⎟⎝ ⎠
h ,                      (9) 
 ( )2 2 2 2 03 2 3 3 sin6 pS AJ SA d S A K K Fa a dt a λπ α λ φλ λ− = + +h ,                      (10) 
where 
3 0
el ( )F d x xS X
∂Δ= ⋅∂∫ nS , 3 0el 0 ( )T d x xS φ
∂Δ= − ⋅∂∫ nS , 3 0 ( )F d x xSλ λ∂Δ= − ⋅∂∫ nS .        (11) 
Here 0S  represents S  with 0φ φ= , 0 ( )x Xθ θ= −  and ( )x c cσ= †n  is the spin-density of the 
conduction electrons.  
 To complete the equations of motions (8), (9), and (10), elF , elT , and Fλ  need to be evaluated, which 
in turn requires the calculation of ( )xn . To calculate ( )xn , it is convenient to perform a local gauge 
transformation, ( ) ( ) ( )c x U x a x= , where ( ) ( )U x x= ⋅m σ  is an SU(2) matrix with 
( )0 0 0 0 0sin( / 2)cos ,sin( / 2)sin ,cos( / 2)θ φ θ φ θ=m  and ( )a x  is the annihilation operator in the rotated 
frame in the spin space. Then the spin-density ( )xn  can be expressed in terms of 
( )( ) Tr ( , )x a a i G xt xt<≡ = −†n σ σ% , where , , ,( , ) ( ) ( )x xG xt x t i a t a tσ σ σ σ< ′ ′′ ′ ′= †  is the lesser component of the 
Keldysh-Green function;  
2
0 0 0 0 0 0 0( ) [(1 cos )cos 1] (1 cos )cos sin sin cosx x y zn x n n nθ φ θ φ φ θ φ= − − + − +% % % ,        (12a) 
2
0 0 0 0 0 0 0( ) (1 cos )cos sin [(1 cos )sin 1] sin siny x y zn x n n nθ φ φ θ φ θ φ= − + − − +% % % ,        (12b) 
0 0 0 0 0( ) sin cos sin sin cosz x y zn x n n nθ φ θ φ θ= + +% % % .                    (12c) 
All three quantities elF , elT , and Fλ  can be expressed in terms of ( )xn% . For instance, Fλ  becomes 
( )3 0 0 0cos sinx yF d x n nλ θ φ φλ∂= Δ +∂∫ % % ,                        (13) 
which, in the Fourier space, can be written as 
( )0 0cos ( ) sin ( )q x yF A dqw n q n qλ φ φ= Δ − + −∫ % % ,                     (14) 
where  
3( ) Tr ( , )q i d k G k q k<⎡ ⎤= − +⎣ ⎦∫n σ% ,                         (15) 
2
0
2
sinh( / 2)
2 cosh ( / 2)
iqx iqX
q
qw dxe i e
q
θ π π λ
λ π λ
− −∂= = −∂∫ .                    (16) 
To calculate the Greens function, we consider the Hamiltonian of the electron part elH  in the rotated 
frame which can be written as 
el
,
H a aσ σσ
σ
ε= ∑ †k kk
k
( ) ( )2 ,, ,
,
,
2 ( )
2 qxq
k q a q a
m σσ σ σ
σ σ
′+ ′
′
+ + ⋅∑ † kk
k
σ
h B ,           (17) 
where 2 2 / 2k mσε σ= − Δk h , ( ) ( )iqxx dqe q= ∫B B  with ( )( ) /x x= × ∂ ∂m mB . In Eq. (17), we have 
ignored the higher order terms of ( )qB  since we are interested in the thick DW ( / x∂ ∂m  is small). In 
this case, we obtain the Dyson equation in the Keldysh space, to the lowest order of ( )qB ,  
( ) ( )2, 1 1 1( , ) ( , ) ( , ) ( ) ( , )2 xCG t t t t dt t t k k k k t tmδ ′
⎡ ⎤′ ′ ′ ′ ′ ′ ′= − + − + − ⋅ −⎢ ⎥⎣ ⎦∫k kk k k k σ k
h Bg g g ,    (18) 
where, C is denoted by contour integral and g is the free Green function [9]. Then the lesser component 
of the Keldysh-Green functions is given by [9] 
( )2
, 1 1 1 1 1( , ) ( , ) ( , )( ) ( , ) ( , )( ) ( , )2
r ax
k k
G t t t t dt t t t t t t t t
m
δ
∞
< < <
′
−∞
′+′ ′ ′ ′ ′ ′ ′⎡ ⎤= − + − ⋅ − + − ⋅ −⎣ ⎦∫k kk k k k σ k k σ khg g g g g< B B .(19) 
In the Fourier space, we can obtain 
( ) ( ) ( )2,( , ; ) ( , ) ( , ) ( ) ( , ) ( , ) ( ) ( , )2 r ax
k k
G
m
ω ω δ ω ω ω ω< < < <′
′+′ ′ ′ ′ ′⎡ ⎤= + − ⋅ + − ⋅⎣ ⎦k kk k k k k k σ k k k k σ k
h
B Bg g g g g ,(20) 
where the unperturbed Green functions are given by 
, , ,( , ) 2 ( ) ( )ifσ σ σ σ σω π ω δ ω ω δ< ′ ′= − kkg  and 
( ) 1,, , ,( , ) 0r a iσ σ σ σ σω δ ω ω −′ ′= − ±kkg  with , ,σ σε ω=k kh . We get thus the electron spin-density,  
( ) 02 3 , ,3
, ,
( ) ( )
( ) 2
4 (2 ) 0
qi
x qx
q
f fi d kn q k q u e
i
σ σσφ
σ σ σ
ε εσπ π ε ε
+ −−
−
+ −
−− = + − +∑∫ k kk k
h% ,              (21a) 
( ) 02 3 , ,3
, ,
( ) ( )
( ) 2
4 (2 ) 0
qi
y qx
q
f fd kn q k q u e
i
σ σσφ
σ σ σ
ε ε
π π ε ε
+ −−
−
+ −
−− = − + − +∑∫ k kk k
h% ,              (21b) 
where  0
cosh( / 2)
iqX
iqx
q
eu dxe
x q
θ π
π λ
−
− ∂= − =∂∫ . From the Eq. (14), Fλ  then becomes  
2 3
,3
, ,
(2 )
2 (2 ) 2
x
q q
q
k qiA d k PF dq w u f
mλ σσ σ σ
σπ π ε ε− + −
+Δ= − −∑∫ ∫ k k k
h .                (22) 
In a similar way, we obtain 
( )2 3el , , ,3 (2 )2 (2 ) 2 xq q qk qA d kF dq u u f mσ σ σσ σ δ ε επ − + −+Δ= −∑∫ ∫ k k kh ,               (23) 
3
el ,3
, ,
(2 )
2 (2 ) 2
x
q q
q
k qA d k PT dq u u f
mσ σ σ
λ
π π ε ε− + −
+Δ= −∑∫ ∫ k k k .                  (24) 
In this paper, we are interested in the adiabatic limit where the DW width ( )tλ  is much larger than the 
Fermi wavelength 1Fk
− . In this case, ( )4 / ( )q qu u qπ λ δ− → , ( ), , 0 2q qσ σε ε σ+ − =− = Δk k , and it can be 
verified that 
el 0F = ,                                     (25) 
     
2
el ,
x
s
kT f Aj
L m σ
σ= =∑ k
k
h ,                             (26) 
where x
s
k
j f
AL m
σ
σ
σ≡ ∑ k
k
hh
 is conventionally defined as spin current density. Therefore, we can see 
that elT  is the rate at which the spin is transported through a given area A . It is possible to control elT  
electrically in experiments since the electric current density ej  is related to spin current density 
( / )s ej e pj= h , where p is a material parameter representing the spin-polarization of the current. 
Noting that 
2
1 2 ( )q q q q
d dw u u u q
dq dq
δπλ λ− −= − → ,     (for adiabatic limit)    (27) 
Fλ  can be calculated as 
22 3 2 3
, ,2 3 2 34 (2 ) 4 (2 )
xkA d k A d kF f f
m mλ σ σσ σ
σλ π λ π
⎛ ⎞= − + ⎜ ⎟Δ ⎝ ⎠∑ ∑∫ ∫k k
hh h  
2 3 2
2 3 2
3 2( 1)( 1)1
20 3( 1)( 1)
A n
m
η η
λ η η
⎛ ⎞− += − −⎜ ⎟+ −⎝ ⎠
h ,                                (28) 
where n  is the electron density, and / 1F Fk kη ↑ ↓= ≥  is the spin polarization. 
Finally we obtain the equations of motion for X , 0φ , and λ  in the adiabatic DW limit,  
( )2 0 0 el( )1 ( )sin 2 ( )( ) 2 pSKd t t tdt tφ αα λ φλ ⎡ ⎤+ = − +⎢ ⎥⎣ ⎦h v ,                    (29) 
( )2 2 02( ) 1 sin ( )6 ( ) ( ) p
d t J J K K t
S t dt t λ
π α λ φλ λ− = − + + +
h ,                   (30) 
0 el2
( ) 1 ( )sin 2 ( )
1 2
pSKdX t t t
dt
λ φα
⎡ ⎤= +⎢ ⎥+ ⎣ ⎦h
v ,                       (31) 
where ( )3 2 2/J a S A Fλ λλ−≡  and ( )3el s/ 2a S j≡v h . It is noted that elv  has a dimension of velocity 
and represents the rate of spin transfer. 
 
3 . Results and Discussion 
 
The Eqs. (29), (30), and (31) for X, 0φ , and λ  describe the DW dynamics in the presence of an 
electric current. The numerical results for the equations are given in Fig. 1 and Fig. 2. The following 
parameters are used in the plot; 40 23 10 JmJ −= × , 246.2 10 JK −= × , 233 10 JpK −= × , 11η =  [10], and 
0.02α =  for Co. 
Fig. 1 shows the time averaged velocity of the DW center, av /dX dt≡v  as a function of the spin 
transfer elv  proportional to the spin current. Note the presence of a threshold 
c
elv . The DW is not driven 
for cel el 1000m / s≈v < v . When elv  is larger than this threshold, the average velocity avv  of DW 
increases rapidly and for sufficiently larger elv , avv  becomes proportional to the spin transfer elv . The 
motion of the DW is closely coupled with the DW deformation as shown in the Fig. 2. Before the current 
bias is applied, el 0=v  and 0 0φ = . Immediately after the finite current bias is turned on, the spin 
transfer elv  leads to the DW motion with initial velocity 
2
0 el /(1 )α= +v v . Simultaneously, the spin 
angular momentum from conduction electrons is transferred to the localized spins so that 0φ  and λ  
increase in time (DW deformation). For cel el<v v , with 0φ  and λ  saturated within a nanosecond, the 
spin angular momentum is completely absorbed to deform the DW and thus the wall motion stops 
eventually. When the spin transfer rate elv  is lager than the absorption rate to 0φ  and λ  for cel elv v> , 
the net spin transfer with nonzero drives the stream motion and the DW does not stop. Note that this 
threshold behavior is similar to the transition (so called Walker breakdown) of the field-driven DW 
motion case, where the stationary canted angle 0φ  below the threshold field can no more remain 
stationary, 0 / 0d dtφ ≠ , leading to oscillatory velocity of the DW above the threshold [11]. However, 
while the field-driven DW motion is possible even below the threshold because it is driven by 
demagnetizing field torque due to the deformation ( 0 0φ ≠ ), CIDWM is not possible since the spin 
transfer elv  balances the DW deformation. Therefore, one can expect there is the intrinsic pinning 
potential related to the hard axis anisotropy Kp in the CIDWM ( see Eq. (33) ).  
This threshold behavior can be extracted analytically as well. For sufficiently small elv , it is possible to 
find special 0φ  and λ  that make the R.H.S. of both Eq. (29) and (30) zero. Note that for such 0φ  and 
λ , the R.H.S. of Eq. (31) vanishes as well, describing the non-moving steady state of the DW for 
c
el elv v< . On the other hand, if the spin transfer elv  is so large that the R.H.S. of Eq. (29) never become 
zero despite of the changes of 0φ  and λ , the DW keeps on their stream motion. To find this threshold 
c
elv , we consider the situation when / 0d dtλ =  and express ( )tλ  in terms of 0 ( )tφ . Then we obtain 
0
0 2
0
sin 2 ( )( )sin 2 ( )
2 2 sin ( )
p p
p
SK SK J J tt t
K K t
λ φλ φ φ
+= +h h
.                 (32) 
Note that once elv  is lager than the maximum value of the R.H.S. of the Eq. (32), the R.H.S. of Eq. (31) 
can not vanish. Maximizing elv  with respect to the angle 0φ , we find 
( )( )cel 2 2 ( )p pS J J K K K K Kλ= + + − +hv .                      (33) 
Its estimated value is about 1000m/sec corresponding to the electric current density 13 22.6 10 A / mej = ×  
for the complete spin-polarization p=1. From the Eq. (33), we see that the critical value celv  for CIDWM 
depends on the sample geometry because it is related to shape anisotropy, i.e. the hard axis anisotropy Kp. 
Since Kp usually increase with decreasing the aspect ratio (R=t/W where t is the thickness and W is the 
width) of a nanowire, one can control celv  by changing sample geometry [12]. This effect is shown in the 
Fig. 3 as a function of the aspect ratio [13] setting 0Jλ =  for direct comparison with TK’s result. The 
critical value celv  is different from the TK’s result [6] cel 0 / 2pSK λ= hv , which ignores the DW width 
variation. From the Eq. (32), we can see that the DW width variation can reduce the critical value celv , 
corresponding to the maximum value of the Eq. (32). The effect of the DW width variation on celv  
becomes larger as Kp increase, so that 
c
elv  becomes smaller than the TK’s result as R decrease.  
 We remark that a similar behavior is obtained in Ref. [5]. Indeed, Eqs. (29), (30), and (31) are similar to 
the equations of motion derived in Ref. [5] from LLG equation with adiabatic spin torque term. However, 
Eq. (30) has quite different form; it includes “ /d dtλ ” term and “ Jλ ” term. The “ /d dtλ ” term arises 
from the energy relaxation due to the DW energy variation (Gilbert damping effect). In Ref. [5], it was 
ignored. The “ Jλ ” term arises from the quantum mechanical effect due to the s-d exchange interaction 
between the localized spins and the conduction electron spins, which was not considered in Ref. [5]. As 
seen in Eq. (30), the s-d exchange interaction leads to modify the Heisenberg exchange interaction J, from 
which we find that the initial DW width 0 /J Kλ =  should be increased to ( ) /J J Kλλ = +  due to 
the conduction electron spin. For the value 11η = , we estimate 40 25.9 10 JmJλ −≈ ×  which is of the 
same order as 40 23 10 JmJ −≈ × . 
 Finally, we comment briefly on effects of the so-called nonadiabatic spin transfer torque [14] ignored in 
this paper. This additional spin transfer torque arises from the fact that the direction of the spin-
polarization of the current does not follow the localized spin direction due to the spin flip scattering or 
contribution of the higher order perturbations. In Refs. [7] and [11], it is demonstrated that this additional 
spin transfer torque induces a small non zero DW speed for cel elv v< . According to Ref. [11], however, 
the magnitude of the nonadiabatic spin torque is much smaller than that of the conventional spin transfer 
torque taken into account in this work and it is demonstrated in Ref. [7] that the relation between avv  
and elv  (Fig. 1) is only minor affected by the nonadiabatic spin transfer torque. 
In conclusion, we have studied the CIDWM in the adiabatic limit using the collective coordinate 
approach. Taking the variation of the DW width λ  as well as center position X and polarization 0φ , we 
have obtained the equations of motion for the DW motion and shown the relation between the DW 
motion and deformation. Moreover, we find that the change of the DW width can modify the critical 
current density for the wall motion.  
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Fig. 1. Time averaged wall velocity avv  as function of spin transfer elv . 
 
 
Fig. 2. The DW polarization 0φ , the wall width λ , and the velocity v  as function of time for various 
spin current elv =400m/s, 900m/s, 1200m/s, and 1400m/s. For 
c
el el 1000m / s≈v < v , 0φ  and λ  are 
saturated at about one nanosecond, and the DW motion stops. For cel el>v v , the DW moves with the 
velocity oscillating around the initial velocity. 
 
 
Fig. 3. The critical value celv  as function of aspect ratio (=t/W where t is thickness and W is width) of 
nanowire with constant cross-sectional area, A=1600nm2 where the transverse wall is stable. The inset 
shows the relation between the easy axis anisotropy K, the hard axis anisotropy Kp and the thickness t. 
 
